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It is already understood that the increasing observational 
evidence for an open Universe can be reconciled with infla- 
tion if our horizon is contained inside one single huge bubble 
nucleated during the inflationary phase transition. In this 
frame of ideas, we show here that the probability of living 
in a bubble with the right Qo (now the observations require 
Qo ~ .2 ) can be comparable with unity, rather than infinitcs- 
imally small. For this purpose we modify both quantitatively 
and qualitatively an intuitive toy model based upon fourth 
order gravity. As this scheme can be implemented in canon- 
ical General Relativity as well (although then the inflation 
driving potential must be designed entirely ad hoc), inferring 
from the observations that flo < 1 not only does not conflict 
with the inflationary paradigm, but rather supports therein 
the occurrence of a primordial phase transition. 

PACS: 98.80 Cq, 98.80 Es 



Introduction. An open Universe, i.e. without enough 
matter to halt eventually its expansion, ~ 0.2), 

agrees with most astronomical observations (see e.g. Ref. 
|EJ) and with their interpretation. For example, in con- 
nection with the formation of large scale structure in the 
CDM scenario, it gives the best fit to the observed clus- 
tering (see e.g. Ref. [||) yielding also the required ||] 
power on the large scales; it explains the dynamics of 
bound objects on relatively small scales (see e.g. Ref. 

it also increases the age of the Universe, alleviating 
the conflict with the age of globular clusters (see e.g. ||); 
finally, it is in better agreement with direct geometrical 
estimates from radio source number counts (see e.g. Ref. 
Q |||). A low density Universe is now preferrable even 
for theorists (e.g. 0, @) when they essay to explain the 
small scale anisotropies measured by the COBE satel- 
lite in the Cosmic Microwave Background (CMB). Quite 
naturally, as the flatness prediction, S7o = 1, is a basic 
paradigm of inflation, one may resort to the addition of 
a vacuum energy, fly — Ocdm + = F (for an early 
suggestion see e.g. Ref. ||) and build a theory for A, see 
e.g. Ref. Q. Nevertheless, that f2o may be less than one 
is certainly a stimulating challenge of modern cosmol- 
ogy, notwithstanding the obvious caveat that nothing is 
certain because i) the present observations may be too 
limited to be representative of the whole Universe (and 
that higher values of f2 might be found at larger scales) 
and ii) the job of interfacing theory and observations for 
the CMB perturbations is still in its infancy (see e.g. 
Ref. pi for another solution). On the other hand, it is 



also possible to choose the initial conditions in inflation 
so as to give fio ~ 0-2 today, either by starting with an 
extremely small density parameter at the beginning of 
inflation, or by assuming that inflation lasted less than 
60 e-foldings or so. Both possibilities, however, enter 
in conflict with the very spirit of inflation because they 
introduce the fine-tuning of the initial conditions that 
inflation overcame and we certainly do not want to rein- 
troduce; moreover, there would be also a conflict with 
the microwave background isotropy |ll]] . 

In this work, we move instead from the fundamental 
notion |T^] that the inside of a primordial bubble 
nucleated for quantum tunneling from a false vacuum 
(FV) to a true vacuum (FV) looks like an open Uni- 
verse in an external Universe already totally flat. Re- 
cently substantial progress (upon which we build) has 
been achieved along this line in two different ways. The 
first is the single-bubble scenario |l4|] |15| jl6| in one field 
inflation, where the identical bubbles inflated for about 
60 e-foldings after nucleation: our visible Universe is con- 
tained inside one of these bubbles, and appears to be lo- 
cally open. The second proposal |TjJ is the many-bubble 
scenario in two-field inflation where one field drives the 
inflationary slow-rolling and the other undergoes a quan- 
tum tunneling in a direction orthogonal to the former, 
generating bubble-like open Universes, with all possible 
density parameters, from zero to unity. Then, there is no 
reason to expect a preferential value of CIq: it must then 
be argued that possibly quantum cosmology will explain 
why we live in an f2 = 0.2 Universe. 

The model of this work implements also a many-bubble 
scenario, exploits fully the assets of two field inflation 
and has two useful features: the peak of the bubble nu- 
cleation i) can be placed at any observed Slo < F and ii) 
can be made narrow enough for our Universe to be re- 
garded as typical. Furthermore, the absolute probability 
of residing in a bubble (whatsoever) may be made com- 
parable to one (at least until some costraint is found), 
so that the use of the anthropic principle may be largely 
avoided. In our model bubble nucleation is made to end 
abruptly: thereafter, the external space (embodied in the 
residual fraction of false vacuum) undertakes a classical 
double inflationary tour exactly like in the literature |is| ] 
that seeks a break in the canonical featureless perturba- 
tion power spectrum. In fact, this is an anomalous two 
field inflation in which the one scalar field present (the 
other in reality is disguised as gravity) is exploited twice, 
quantistically (for the tunneling) and classically (for the 
second slow rolling). 

Our model, already introduced [po| to produce large 
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scale power in the CDM scenario out of the remnants of 
the primordial phase transition (see also [pl| ), contains 
now a result of |l6| that specifies how to link the bubble's 
£lo to the bubble's nucleation epoch N (number of e- 
foldings between nucleation and end of inflation), 

n (N) = [1 + 4cxp2 (N H - NT 1 , (1) 

where Nh corresponds to the horizon, i.e. is fixed by the 
request that the largest observable scale, Lh = 2c/ Ho, 
crossed out the horizon Nh e-foldings before the end 
of inflation (and is close to 60 for standard cosmo- 
logical values ^3|). Notice that according to (|l|), for 
N — > oo , Slo —* 1 a s expected because the bubble is 
born with 17 = and evolves toward flatness with time. 
Also, notice the other coincidence that bubbles born at 
Njj have today Qq — .2: this is the main difficulty in 
model building, because a horizon sized bubble (or even 
smaller, were the need to arise) can easily be seen. 

Our procedure is the following: given any value of Qq 
we determine through (|l|) the corresponding N(Qo) and 
we end abruptly at that Ne — N the bubble produc- 
tion via a feature in the potential (see below) that in- 
creases manifolds the Euclidean action. The Universe 
contains then only bubbles that have been generated ear- 
lier, TV > Ne, in higher number for lower N and have 
now attained all the Qo(Ne) < Oo < 1. This break is 
also new with respect to our work of p0[ . In Rcf. flT7| , 
the lack of completion of the phase transition is dictated 
by the need to prevent us from seeing our bubble's walls; 
here, it solves the same problem, but in a novel way, that 
may be useful in future improved work: a virtuous (or 
cunning) potential takes care of inflating the bubble size 
beyond the horizon after the bubble interior has become 
radiation dominated. 

The model. To realize our scenario we need two pre- 
requisites, f^O). First, we need two channels, a FV chan- 
nel, to drive inflation in the parent Universe, and a TV 
channel, to drive a shorter - but well appreciable - infla- 
tion inside the bubbles. Second, we need a tunneling rate 
tunable in time, in order to produce a nucleation peak 
at the right epoch. Our model has just these features: it 
is certainly not the unique possibility, but it is a rather 
simple and geometrically intuitive one. 

The model works in fourth order gravity pi| , and ex- 
ploits two fields: one, Starobinsky's scalaron R (i.e. the 
Ricci scalar) drives the slow-rolling inflation; the sec- 
ond, ip, performs the first-order phase transition. The 
phase transition dynamics is governed both by the po- 
tential of ip and by its coupling to R; the dynamics of 
the slow-roll is "built-in" in the fourth order Lagrangian: 
Cgrav = -R + R 2 /6M 2 W{ip) (c = ft = G = 1); the 
matter Lagrangian is instead standard and contains the 
usual potential V(iJj). The coupling of the scalaron with 
ip can be thought of as a field-dependent effective mass 
M eff (ip) = MW 1/2 (ip) w M , just like the Brans-Dicke 
scalar-tensor coupling is a field-dependent Planck mass, 
and remains hidden in the Yukawa corrections lE5| to 



Newton's gravity at 10 5 ^-10 6 Planck lengths §4j [§6). We 
are interested only in the last Nt > Nh e-foldings of in- 
flation. This theory can be conformally transformed pTj] 
into canonical gravity: g a /3 = e 2u} g a p ,e 2LO — \d£/dR\ — 
1 — R/SM 2 fj . Then, it becomes undistinguishable from 
Einstein gravity with two fields ip and u>, coupled by a 
potential U(ip,u>) linear both in V(ip) and in W(tp). 

The ansatzoi a quartic W(ip) = l + 8\ip 2 (ip — ipo) 2 /ipo > 
with two degenerate vacua at and ipo and a mass term 
V(ip) — m 2 ip 2 /2 realizes the two conditions discussed 
above: it carves in fact two parallel channels of different 
height, separated by a peak of height A/2 at ippK = 
The degeneracy of W(ip) in ip = and ip = ipo is removed 
by V(ip); the TV channel remains exactly at iprv = 0, 
while the FV channel remains approximately at ipFV = 
-00- 

Let us now follow the evolution of a generic bubble 
nucleated at N. After nucleation, the bubble slow rolls 
down the TV channel for N e-foldings, and then exits 
inflation, reaching the global minimum at uj = tp = 0, 
where it reheats and enters its Friedmannian radiation 
dominated era (RDE). At the same time, the external 
space also slow rolls for nearly N e-foldings down the FV 
channel. After this first inflation, however, the external 
space undergoes a second inflation along the ^-direction, 
and for wkO. This second inflation lasts approximately 
N2 = 27Tip 2 e-foldings. Only then does the external space 
reach its RDE. This second inflation is crucial in our 
model. In fact, we know that the bubble's walls grow, as 
seen from inside, at the velocity of light as long as the ex- 
ternal space is deSitter. During the first inflation, when 
both the bubble and the external space are deSitter, the 
walls expand comovingly; the bubble comoving size is 
then L as Lh& n ~ Nh ■ During the second inflation, when 
the bubble is in RDE, the causal horizon expands overco- 
movingly as a 2 , where a is measured from the inside. At 
the end of this era the bubble size acquires therefore an 
extra factor of a becoming L « Lh& n ~ Nh X e N2 . When 
finally both the inside and the outside of the bubble are 
in the Friedmannian regime, the bubble's walls expand 
again comovingly (as long as they are of superhorizon 
size): now, however, the causal horizon is faster than 
comoving expansion, and the walls may become visible. 
The relevance of the second inflationary stage is that it 
allows the bubble comoving size to become as large as 
wanted by tuning N2; in particular, the bubble can be 
yet invisible because many times larger than our present 
horizon. Unlike the other models, in which we will never 
see the walls, because the external space is always de- 
Sitter, in our model we will see the walls in the future. 
How remote is this future depends on N2 ■ Since we want 
N w Nh, it is enough to choose N 2 larger than, say, 
100, to ensure that the bubble walls are well outside our 
present horizon. This implies a very reasonable ipo > 4. 

With these general considerations in mind, we can 
proceed now to work out the details of the nucleation 
process, [Q. The tunneling rate T can be written as 
r = A4 4 cxp (— S) , where M. is of the order of the en- 
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ergy of the false vacuum, and S is the minimal Euclidean 
action, i.e. the action for the so-called bounce solution of 
the Euclidean equation of motion. For the calculation of 
S we can use directly standard physics Jl^] provided we 
satisfy the thin wall limit (TWL), which is not difficult 
to achieve. The result is [[20[ 

S = (N/N!) 4 , JVi « y/m^o/A^X . (2) 

Thus N ^> Ni to avoid spinodal decomposition |2^]. In 
particular we will exploit the fact that S decreases as 
iV 4 (bubble nucleation more likely later than earlier) and 
increases as A 2 (a quenching opportunity). Finally, the 
relevant parameter |^8| Q = 4irT/9H 4: , which measures 
the number of bubbles per horizon volume per Hubble 
time can be written as (2(| 

Q(N) = exp (« - N 4 )/N?) , 
(M/Mefff = (9/64tt) exp (No/N^ . (3) 

Thus No tells us when the physics is being done because 
it estimates the peak of the bubble spectrum. 

To summarize, our model has four free parameters: 
M, setting the slow-rolling inflationary rate; m, setting 
the energy difference between vacua; A, setting the bar- 
rier height; and finally tpo> setting the separation be- 
tween vacuum channels. These constants completely de- 
fine the slow-rolling and the phase transition dynamics: 
we should fix all four of them, but for the time being we 
fix only the two combinations thereof we have called Nq 
and Ni\ we hope the remaining freedom will suffice to 
meet forecoming constraints. Furthermore, there is one 
feature we have to insert by hand, it is the mechanism 
by which the bubble production is halted ex abrupto. Wc 
have chosen to do this by inserting ad hoc at the desired 
point, N = Ne, a sudden ramp in A which then becomes 
effectively X(oj). The detailed form of X(ui) is not im- 
portant as long as the increase in S is sharp and sudden 
enough to quench instantaneously the bubble production. 
In fact, given Ne as said above, we find No by fixing the 
fraction X of the FV phase that we want to turn into the 
TV phase through (||) below. The visual difference with 
p0| consists in the fact that the FV channel here does not 
merge into the TV channel at some N > 0, but plunges 
onto it perpendicularly only at N w 0. Therefore, as 
already mentioned, whatever remains in the FV phase 
slow- rolls classically over a double inflationary path jl9) , 
an essential feature in our model. 

We now proceed to the evaluation of the tunneling 
probability dn/dt = TVpy , where dn is the num- 
ber of bubbles per horizon nucleated in the time in- 
terval dt, V F v = a 3 (4n/3H 3 )exp(-I) , and I(t) = 

(47T/3) dt'T(t') (a(f) ft dt"/a(t")) 3 . 

Incidentally the fact that dn/dt is proportional to the 
FV volume left at the time t (i.e. the volume not already 
occupied by bubbles) implies that a turnaround is possi- 
ble in the bubble production. This is because, due to the 



doubly exponential nature of the process, after a certain 
time the FV volume fraction may decrease faster than 
the product a 3 T increases. This turnaround would indi- 
cate that the transition is being completed: again, in this 
paper, unlike po[ , we interrupt the transition sharply at 
Ne just before all this happens, [[L7| . 

Now, bubble spectra can be obtained either through 
numerical integrations (see Fig. 2 in |20(| where for the 
first time realistic bubble spectra were given) or, bet- 
ter, through a working analytic approximation, which is 
necessary to understand the complex role of our four 
parameters. Algebraic details will be given in future 
work ^9|, alongside with further applications. Here we 
outline the procedure: firstly we change from one to 
the other of the four equivalent time variables at our 
disposal, t ,N ,L , and f^o where L is the scale asso- 
ciated with N, as seen from the inflating background, 
L = Lncxp(N — Nh) , and Q,q is given in ([!]), by 
writing dn/dL = (dn/dN)/L = -(dn/dt)/HL. Sec- 
ondly we get the fraction of space in bubbles of size 
L, (dP/dL) = (L/L T f (dn/dL) , and thirdly the frac- 
tion of space in bubbles of a given fi , (dP/dflo) — 
(dP/dN) (dn Q /dNy L . Fourthly we evaluate the fraction 
of space in useful bubbles, 

X(N ,N E )= (dP/dN)dN . (4) 

J oo 

In Fig. 1 we give five examples of spectra obtained 
with N\ — 21 from four values of No decreasing from 
top to bottom, as shown. The leftmost dotted curve, 
-/V = 61, achieves the completion of the phase transition, 
Ne = 0, and is hence labelled with X = 1. This curve is 
important because it achieves turnaround approximately 
at f2o) = -2 or N = 60: hence, when the break in the 
bubble production is introduced at Ne = 60, the same 
curve, now shown as the uppermost solid line with a ver- 
tical cut, yields a truncated spectrum with X = .76 and 
the peak where needed. A fortiori, lower values of No, 
which would achieve later turnarounds, attain lower val- 
ues of X as shown, provided the break is kept in place, 
but continue to peak at Qo = -2- 

Conclusions. We contributed one special toy model 
to the lore of the flat, inflationary Universe filled to 
a non-negligible fraction by super-horizon-sized under- 
dense bubbles, which approximate open Universes. This 
of course reconciles the astronomical observations in 
favour of Slo ~ 0.2 with inflation. Our own bubble- 
Universe is one of an infinite number of similar bubbles. 
Contrary to the single-bubble scenario jl4} jl5| Jl6| and 
the many- bubble model of Ref. 0, in our model the 
external space also ends inflation a tunable number of e- 
foldings after the bubbles enter their RDEs; the bubbles 
themselves reenter the horizon in the distant future. The 
interesting features of our model are that i) we can tune 
the parameters to achieve maximal probability for the 
nucleation of TWL bubbles around any observed Qq < 1 
without assuming special initial conditions and without 
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destroying the CMB isotropy, and that ii) this probabil- 
ity is not infinitesimally small. 

It is worth remarking again that the measure of 
along with the assumption that the Universe had an in- 
flationary epoch, and that our position is generic, puts 
strong constraints on the shape and on the fundamen- 
tal parameters of the primordial potential and eventually 
will fix them, although for the time being we are limited 
to such combinations thereof like Nq and Ni . 

Inside each bubble one has the usual mechanism of 
generation of inflationary perturbations || jD| |u]] . It is 
then possible that reducing the local f^o to 0.2 is sufficient 
to reconcile canonical CDM with large scale structure. 
However, evidences are increasing toward the presence of 
huge voids in the distribution of matter in the present 
Universe, and for velocity fields that are difficult to ex- 
plain without a new source of strong inhomogeneities. If 
this were the case, the need may arise of an additional 
primordial phase transition occurring 50 or so e-foldings 
before the end of inflation, exactly like in Ref. pcfl . 
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